Rules for integrands of the form (a +bTan[e + fx])" (c +dTan[e + fx])"

1. j(a+bTan[e+-Fx])"' (c+dTan[e+fx])"dx whenbc+ad=0 A a®+b*=0

1: J(a+bTan[e+fx])'" (c+dTan[e+fx])"d1x whenbc+ad=0 A a2+b?==0A mez

Derivation: Algebraic simplification
Basis:If bc+ad =0 A a%+b? == 9, then (a+bTan[z]) (c+dTan[z]) = acSec[z]?
Rule:if bc+ad=0 A a2 +b?==0A meZ,then

J(a+bTan[e+-Fx])"' (c+dTan[e+fx])"d1x — a’“c'"J.Sec[e+fx]2'" (c+dTan[e+fx])"""dlx

Program code:

Int[(a_+b_.xtan[e_.+f_.%x_])~m_.+(c_+d_.«tan[e_.+f_.+x_])"n_.,x_Symbol] :=
a’mxc mxInt[Sec[e+Ffxx]~ (2xm) » (c+dxTan[e+fxx])~(n-m),x] /;
FreeQ[{a,b,c,d,e,f,n},x] & EqQ[bxc+ad,0] && EqQ[a"2+b"2,0] && IntegerQ[m] && Not[IGtQ[n,0] & (LtQ[m,@] || GtQ[m,n])]



Rules for integrands of the form (a+b tan(e+f x))~m (c+d tan(e+f x))~n

2: J(a+bTan[e+fx])'" (c+dTan[e+fx])"d1x whenbc+ad=0 A a2+b%=-0

Derivation: Integration by substitution
Basis:ff bc+ad==0 A a?+b?=-0,then (a+bTan[e+fx])" (c+dTan[e+fx])" =

2€ subst| (a+bx)™* (c+dx)"?, x, Tan[e+fx] | oxTan[e + fx]
Rule:lf bc +ad =0 A a®+b? == 0,then

J(a+bTan[e+-Fx])'" (c+dTan[e+fx])"dx — aT(:Subst[J(a+bx)"“1 (c+dx)"™tdx, x, Tan[e+fx]]

Program code:

Int[(a_+b_.xtan[e_.+f_.»x_])"m_x(c_+d_.+tan[e_.+f_.»x_])~n_,x_Symbol] :=
axc/fxSubst [Int[ (a+bxx)" (m-1) » (c+d#x) A (n-1) ,x],X,Tan[e+fxx]] /;
FreeQ[{a,b,c,d,e,f,m,n},x] && EqQ[bxc+axd,0] && EqQ[a"2+b"2,0]



Rules for integrands of the form (a+b tan(e+f x))~m (c+d tan(e+f x))~n

2. J(a+bTan[e+fx])'" (c+dTan[e+-Fx]) dx whenbc-ad#0
1. J(a+bTan[e+-Fx]) (c+dTan[e+-Fx]) dx whenbc-ad#0

1: J(a+bTan[e+-Fx]) (c+dTan[e+fx])dx whenbc-ad#8 Abc+ad=0

Derivation: Tangent recurrence 2b withA - a?, Bs2ab, C-b?, m-> -1, n> 1

Rule:lf bc-ad+0 A bc+ad=9,then

bdTan[e + f x|
J(a+bTan[e+-Fx]) (c+dTan[e+fx]) dx — (ac—bd)x+f

Program code:

Int[(a_+b_.»tan[e_.+f_.»x_])*(c_+d_.«tan[e_.+f_.#x_]),x_Symbol] :=
(axc-bxd) *x + bxdxTan [e+f*x]/f /8
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] & EqQ[bxc+axd,0]



Rules for integrands of the form (a+b tan(e+f x))~m (c+d tan(e+f x))~n

2: J-(a+bTan[e+-Fx]) (c+dTan[e+-Fx])d1x whenbc-ad#0 A bc+ad#0

Derivation: Tangent recurrence 2b withA - a?, B>2ab, C->b%, m-> -1, n>1

Rule:lf bc-ad+0 A bc+ad+0,then

dean[e+-Fx]
J.(a+bTan[e+-Fx]) (c+dTan[e+fx])dx — (ac—bd)x+f+(bc+ad) Tan[e + fx] dx

Program code:
Int[(a_+b_.xtan[e_.+f_.»x_])*(c_.+d_.xtan[e_.+f_.»x_]),x_Symbol] :=

(axc-bxd) xx + bxdxTan[e+fsx]/f + (bxc+axd)+Int[Tan[e+fxx],x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && NeQ[bxc+a+d,0]

2. j(a+bTan[e+-Fx])"' (c+dTan[e+fx])dx whenbc-ad#@ A a’+b*=0

1: J(a+bTan[e+fx])"‘(c+dTan[e+fx])d1x whenbc-ad#0 A a2+b%=20 A m<0

Derivation: Symmetric tangent recurrence 2a withA - c, B—>d, n-> 0

Rule:lf bc-ad+0 A a2+b%2 =20 A m< 0,then

(bc-ad) (a+bTan[e+fx])" bc+ad
+

j(a+bTan[e+fx])'" (c+dTan[e+fx])dx — - j(a+bTan[e+fX])m+1dx

2afm 2ab

Program code:

Int[(a_+b_.xtan[e_.+f_.*x_])"m_x(c_.+d_.«tan[e_.+f_.+x_]),x_Symbol] :=
- (bxc-axd) » (a+b*Tan [e+f*x] )"m/(z*a*-F*m) +
(bxc+axd) / (2xaxb) *Int[ (a+b*Tan [e+‘F*x] )" (m+1) ,x] /8
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && EqQ[a"2+b"2,0] && LtQ[m,0]



Rules for integrands of the form (a+b tan(e+f x))~m (c+d tan(e+f x))~n

2: J-(a+bTan[e+-Fx])m(c+dTan[e+-Fx])dlx whenbc-ad#0 A a2+b%?==0 Am¢0

Derivation: Symmetric tangent recurrence 3awithA - c, B>d, n-> 90

Rule:if bc-ad+0© A a?2+b%==0 A m¢0,then

d (a+bTan[e+-Fx])"I bc+ad
fm ’ b

J(a+bTan[e+-Fx])'" (c+dTan[e+fx])dx —

J(a+bTan[e+fx])'"d1x

Program code:

Int[(a_+b_.xtan[e_.+f_.xx_])"m_x(c_.+d_.«tan[e_.+f_.*x_]),x_Symbol] :=
dx (a+bxTan[e+fxx])~m/(fsm) + (bsxc+axd)/bxInt[(a+bxTan[e+fsx])"m,x] /;
FreeQ[{a,b,c,d,e,f,m},x] & NeQ[bxc-axd,0] & EqQ[a"2+b"2,0] && Not[LtQ[m,0]]



Rules for integrands of the form (a+b tan(e+f x))~m (c+d tan(e+f x))~n

3. J(a+bTan[e+fx])'" (c+dTan[e+fx]) dx whenbc-ad#0 A a2+b%#0

1: J(a+bTan[e+-Fx])"'(c+dTan[e+-Fx])d1x whenbc-ad#0 A a2+b%>#0 A m>0

Derivation: Tangent recurrence 2a withA -0, B> A, C>B, n—> -1

Rule:if bc-ad+0 A a2+b%2+0 A m>0,then

J‘(a+bTan[e+-Fx])"1 (c+dTan[e+fx])dx —

d (a+bTan[e+fx])'"
fm

+J(a+bTan[e+1=x])'"'1 (ac-bd+ (bc+ad) Tan[e + fx]) dx

Program code:

Int[(a_.+b_.xtan[e_.+f_.xx_])"m_x(c_.+d_.«tan[e_.+f_.+x_]),x_Symbol] :=
dx (a+b*Tan [e+f*x] )"m/(f*m) +
Int[ (a+bxTan[e+fxx])~ (m-1) xSimp [axc-bxd+ (bxc+axd) xTan[e+fxx],x],x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] & NeQ[a"2+b"2,0] && GtQ[m,O]



Rules for integrands of the form (a+b tan(e+f x))~m (c+d tan(e+f x))~n

2: J-(a+bTan[e+-Fx])m(c+dTan[e+-Fx])dlx whenbc-ad#0 A a2+b?#0 A m< -1

Derivation: Tangent recurrence 1b withA ->¢c, B->d, C-0, n >0

Rule:if bc-ad+0 A a2+b%2+0 A m< -1,then

j(a+bTan[e+fx])"' (c+dTan[e+fx])dx —

m+1

(bc-ad) (a+bTan[e+fx])

bT £x])™? bd- (bc-ad) T fx]) a
fme) (7 0) +a2+b2j(a+ an[e+fx]|)"" (ac+ (bc-ad) Tan[e + fx]) dx

Program code:

Int[(a_.+b_.«tan[e_.+f_.#x_] ) m_«(c_.+d_.»tan[e_.+f_.»x_]),x_Symbol] :=

(bxc-axd) * (a+b*Tan [e+f*x] ) n (m+1)/(f* (m+1) » (a”2+b”2) ) +

1/ (a2+b~2) »Int[ (a+bxTan[e+fxx])~ (m+1) xSimp [axc+bxd- (bxc-axd) xTan [e+fxx],x],x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && NeQ[a"2+b"2,0] && LtQ[m,-1]



Rules for integrands of the form (a+b tan(e+f x))~m (c+d tan(e+f x))~n

5 J-c+dTan[e+-Fx]

dx whenbc-ad#0 A a2 +b%#0
a+bTan[e+-Fx]

] Jc+dTan[e+fx]

dx whenbc-ad#0 A a2+b%>#0 A ac+bd=0
a+bTan[e+fx]

Derivation: Algebraic expansion and reciprocal for integration

Basis: If ac + bd == 0, then cxdTan(z]

(bCos[z]-aSin[z])
a+bTan[z]

e
b (aCos[z]+bSin[z])

Rule:lf bc-ad+0 A a?2+b?>+0 A ac+bd = 90,then

c+dTan[e+-Fx] c bCos[e+fx]—aSin[e+-Fx]
J—dlx—» —J x — — Log[aCos[e+fx] +bSin[e+fx]]
a+bTan[e+-Fx] b aCos[e+fx]+bSin[e+-Fx] bf

Program code:

Int[(c_+d_.«tan[e_.+f_.xx_])/(a_+b_.+tan[e_.+f_.+x_]),x_Symbol] :=
c/(b*f) *Log [RemoveContent [aCos [e+fxx| +bxSin[e+fxx],x]|]| /;

FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && NeQ[a"2+b"2,0] && EqQ[axc+bxd,0]



Rules for integrands of the form (a+b tan(e+f x))~m (c+d tan(e+f x))~n

dx whenbc-ad#0 A a2+b>#0 A ac+bd#0

c+dTan[e+fx]
2: J—

a+bTan[e+fx]

Derivation: Algebraic expansion

c+dz _ ac+bd " (bc-ad) (b-az)
a+b z aZ+b? (a2+b?) (a+bz)

Basis:

Rule:if bc-ad+0© A a?+b%>+0@ A ac+bd #0,then

X dx

c+dTan[e + fx] (ac+bd)x bc-ad pb-aTan[e+fXx]
j—dl - . J
a+bTan[e+ fx] a? +b? a? + b?

a+bTan[e+fx]

Program code:
Int[(c_.+d_.«tan[e_.+f_.xx_])/(a_.+b_.xtan[e_.+f_.»x_]),x_Symbol] :=

(axc+bxd) *x/ (a”2+b”2) + (bxc-axd)/ (a*2+b"2) *Int[ (b—a*Tan [e+'F*x] )/(a+b*Tan [e+'F*x] ) ,x] /5
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] & NeQ[a"2+b"2,0] && NeQ[axc+bxd,0]

c+dTan[e+-Fx]

dx whenbc-ad#0 A a2 +b%#0

\/a+bTan[e+-Fx]
Jc+dTan[e+-Fx]
1. ——dx
\/bTan[e+fx]
c+dTan[e+fx]
1: — - dx whenc?-d?==0

'\/bTan[e+-Fx]

Derivation: Integration by substitution

BaSIS. ”-' C2 _ d2 -0 then c+dTanfe+fx] __ _ 2¢c* Subst[ 1 x, S-dTanfe+fx] ] 3y c-dTan[e+f x]
. == y Ry
’ Vb Tan[e+f x] f 2cd+bx? Vb Tan[e+f x] Vb Tan[e+f x]

Rule: If c? - d? == 9, then



Rules for integrands of the form (a+b tan(e+f x))~m (c+d tan(e+f x))~n

c+dTan[e+-Fx] 2d? 1 c—dTan[e+-Fx]
—= dx — ——SubstU-— dx, X, —]
f 2cd+bx

ybTan[e+ fx] ybTan[e+ fx]

Program code:

Int[(c_+d_.«tan[e_.+f_.*x_])/Sqrt[b_.stan[e_.+f_.xx_]],x_Symbol] :=
-2*d"2/f*5ubst [Int [1/ (2xc*xd+b*x"2) ,X],X, (c—d*Tan [e+f*x] )/Sqr't [b*Tan [e+f*x] ] ] /3
FreeQ[{b,c,d,e,f},x] && EqQ[c"2-d"2,0]

c+dTan[e+-Fx]
2. —— -~ dx when c?>-d?*#0

y/bTan[e + fx]

c+dTan[e+-Fx]
X: —— = dx when c2-d?#0

'\/bTan[e+fx]

Derivation: Algebraic expansion

Basis: c+dz = (edten , (cdnon

Rule: If c? - d? # 0, then

c+dTan[e+-Fx] c+d 1+Tan[e+fx] c_dfl—Tan[e+fx]
N dx

X +
'\/bTan[e+-Fx '\/bTan[e+-Fx 2 '\lean[e+-Fx]

Program code:

(*» Int[(c_+d_.+tan[e_.+f_.xx_])/Sart[b_.+tan[e_.+f_.xx_]],x_Symbol] :=
(c+d) /2+Int[ (1+Tan[e+fxx]) /Sqrt[bsTan[e+fxx]],x] +
(c-d) /2+Int[ (1-Tan[e+fxx]) /Sqrt[bxTan[e+f+x]],x] /;
FreeQ[{b,c,d,e,f},x]| && NeQ[c"2+d"2,0] && NeQ[c"2-d"2,08] x)



Rules for integrands of the form (a+b tan(e+f x))~m (c+d tan(e+f x))~n

c+dTan[e+fx]
1: —— = dx when c2+d?==0

'\/bTan[e+fx]

Derivation: Integration by substitution

Basis: If c2 + d? == 0, then <exdfanfesfx iSubst[;z, x, VbTan[e+fx] ] ,VbTan[e +fx]
vVbTan[e+f x] f bc-dx

Note: This is just a special case of the following rule, but it saves two steps by canceling out the gcd.

Rule: If c2 + d? == 9, then

c+dTan[e + fx] 2¢? 1
—_—=dx — —Subst[J-—zdlx, X, \/bTan[e+fx] ]
y\bTan[e+ fx] f bec-dx

Program code:

Int[(c_+d_.«tan[e_.+f_.*x_])/Sqrt[b_.stan[e_.+f_.xx_]],x_Symbol] :=
2xc*2/fxSubst[Int[1/ (bxc-d#x"2),X],X,Sqrt [bxTan[e+f+x]]] /;
FreeQ[{b,c,d,e,f},x] && EqQ[c"2+d"2,0]
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Rules for integrands of the form (a+b tan(e+f x))~m (c+d tan(e+f x))~n

c+dTan[e+fx]
X: —— - dxwhenc?-d*>#0 A c2+d?>#0

'\/bTan[e+fx]

Derivation: Algebraic expansion

Basis:c +dz = {1k (1-1z) + 109 (141 2)

Note: Introduces the imaginary unit.

Rule:If c2-d? +0 A c?+d? # 0,then

c+dTan[e+-Fx] (c+id) 1-:‘1Tan[e+fx] (c-id) J1+iTan[e+fx]
dx — dx + dx

—_— dX
\bTan[e+ fx] 2 \bTan[e+ fx] 2 \/bTan[e+fx]
Program code:
(* Int[(c_+d_.+tan[e_.+f_.xx_])/Sart[b_.+tan[e_.+f_.+x_]],x_Symbol] :=

(c+Ixd)/2+Int[(1-IxTan[e+fxx])/Sqrt[bsTan[e+fxx]],x] + (c-Ixd)/2+Int[(1+IxTan[e+fxx])/Sqrt[bsTan[e+f+x]],x] /;
FreeQ[{b,c,d,e,f},x]| && NeQ[c"2-d"2,0] && NeQ[c"2+d"2,8] x)



Rules for integrands of the form (a+b tan(e+f x))~m (c+d tan(e+f x))~n

c+dTan[e+-Fx]
2: ——— = dx whenc?-d?>#0 A c?2+d*#0

'\/bTan[e+fx]

Derivation: Integration by substitution

Basis: :—TT[IT'F]L ;mm[%, X, VbTan[e+fx] | &VbTan[e +fx]
V an[e+T X

Rule:If c?-d? + 0 A c?+d? 0, then

c+dTan[e+fx] 2 bc+dx?
————dx — —Subst[J . dx, X, '\/bTan[e+-Fx ]
'\/bTan[e+-Fx] f b% + x*

Program code:

Int[(c_+d_.xtan[e_.+f_.»x_])/Sqrt[b_.stan[e_.+f_.+x_]],x_Symbol] :=
2 /fxSubst [Int[ (bxc+d*x"2) / (b*2+Xx"4) ,X],X,Sqrt [bxTan[e+f+x]]] /;
FreeQ[{b,c,d,e,f},x] & NeQ[c"2-d"2,0] && NeQ[c"2+d"2,0]

c+dTan[e+-Fx]
dx whenbc-ad#0 A a2+b?#0 A c2+d?>#0

\/a+bTan[e+fx]

c+dTan[e+-Fx]

dx whenbc-ad#@ A a>+b?#0 A c*>+d’#0 A 2acd-b (c*-d?) =0

\/a+bTan[e+-Fx]

Derivation: Integration by substitution

BaS|S: |f 2 ac d _ b (cz _ d2> _ e, then c+d Tan[e+f x] 2d Subst[ —, X, bc-2ad-bdTan[e+f x] ] aXbc—Zad-dean[erFx]
v a+b Tan[e+f x] 2bcd-4ad®+x Va+bTan[e+f x] v a+b Tan[e+f x]

Rule:iff bc-ad#@ A a?+b?#0 A c?+d*#0 A 2acd-b (c?-d?) = 0,then
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Rules for integrands of the form (a+b tan(e+f x))~m (c+d tan(e+f x))~n

dx — dx, X,

c+dTan[e + fx] ZdZSbt[j 1 bc-2ad-bdTan[e+fXx|
-—— Subs

2bcd-4ad?+x?

\/a+bTan[e+fx] \/a+bTan[e+-Fx]

Program code:
Int[(c_.+d_.«tan[e_.+f_.+x_])/Sqrt[a_+b_.stan[e_.+f_.»x_]],x_Symbol] :=

-2*d"2/f*5ubst [Int [1/ (2xbxcxd-4xaxd*2+x"2) ,X],X, (b*c—z*a*d—b*d*Tan [e+f*x] )/Sqrt [a+b*Tan [e+'F*x] ] ] /3
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && NeQ[a"2+b"2,0] & NeQ[c"2+d"2,0] & EqQ[2#axcxd-b« (c*2-d*2),0]

c+dTan[e+-Fx]

dx whenbc-ad#@ A a*>+b?>#0 A c*+d*#0 A 2acd-b (c*-d?) #0

\/a+bTan[e+-Fx]

Derivation: Algebraic expansion
Note: The resulting integrands are of the form required by the above rule.

Rule:lff bc-ad#@ A a?+b?#@ A c?2+d?#@ A 2acd-b (c?-d?) #0,letq-vaso?, then

c+dTan[e+-Fx]

dx —

'\/a+bTan[e+-Fx]

el X -
249 \/a+bTan[e+fx] 2q

X

1 ac+bd+cq+ (bc-ad+dq) Tan[e + fx] 1 Jac+bd—cq+(bc—ad—dq)Tan[e+-Fx]
d —_— d

\/a+bTan[e+-Fx]

Program code:

Int[(c_.+d_.«tan[e_.+f_.+x_])/Sqrt[a_+b_.xtan[e_.+f_.xx_]],x_Symbol] :=
With[{q=Rt[a"2+b"2,2]},
1/ (2+q) +Int[ (axc+bxd+cxq+ (bxc-axd+dxq) «Tan[e+fxx]) /Sqrt[a+bxTan[e+fsx]],x] -
1/ (2#q) »Int[ (axc+bsd-cxq+ (bxc-axd-dxq) «Tan[e+fxx]) /Sqrt[a+bsTan[e+f+x]],x]] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && NeQ[a"2+b"2,0] & NeQ[c2+d"2,0] & NeQ[2#axcxd-b« (c*2-d*2),0] &&
(PerfectsquareQ[a”2+b”2] || RationalQ[a,b,c,d])
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Rules for integrands of the form (a+b tan(e+f x))~m (c+d tan(e+f x))~n

5: J-(a+bTan[e+fx])'"(c+dTan[e+fx])d1x whenbc-ad#0 A a2+b2#0 A c2+d?==0

Derivation: Integration by substitution

Basis: If c? + d? == 9, then
a+ﬂ

(a+bTan[e+fx])" (c+dTan[e + fXx]) == %Subst{g—%zl—, X, dTan[e+fx]} Ox (dTan[e + fx])

Rule:lf bc-ad+0 A a2+b2+0 A c?+d? = 0,then

b x
a+ —/
d

2

J(a+bTan[e+-Fx])'" (c+dTan[e+fx])dx — %Subst[J\u

dx, x, dTan[e+-Fx]]
d“+cx

Program code:

Int[(a_.+b_.«tan[e_.+f_.xx_])"m_#(c_+d_.«tan[e_.+f_.*x_]),x_Symbol] :=
C*d/-F*Subst [Int[ (a+b/d*x) *m/ (d*2+c*x) ,x] ,X,d*Tan [e+f*x] ] /3
FreeQ[{a,b,c,d,e,f,m},x] & NeQ[bxc-axd,0] & NeQ[a"2+b"2,0] && EqQ[c"2+d"2,0]
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Rules for integrands of the form (a+b tan(e+f x))~m (c+d tan(e+f x))~n

6. J-(a+bTan[e+-Fx])m(c+dTan[e+-Fx])dlx whenbc-ad#0 A a2+b?#0 A c2+d*+0

1: J(bTan[e+-Fx])'“ (c+dTan[e+fx]) dx when c2+d?2#0 A 2m¢zZ

Derivation: Algebraic expansion
Basis: (bz)" (c+dz) =c (bz)"+ ¢ (bz)™!
Rule:If c2+d?>+0 A 2m ¢ Z,then

j(bTan[e+fx])"' (c+dTan[e+fx])dx — cf(bTan[e+fx])"'d1x+Ej(bTan[e+fx])'"+1dlx

Program code:

Int[(b_.xtan[e_.+f_.*x_])"m_x(c_+d_.xtan[e_.+f_.»x_]),x_Symbol] :=
cxInt[ (bxTan[e+fxx]) m,x] + d/bxInt[(bxTan[e+fxx])~(m+1),x] /;
FreeQ[{b,c,d,e,f,m},x] && NeQ[c*2+d"2,0] && Not[IntegerQ[2xm]]
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Rules for integrands of the form (a+b tan(e+f x))~m (c+d tan(e+f x))~n

2: j(a+bTan[e+-Fx])"'(c+dTan[e+-Fx])d1x whenbc-ad#0 A a2+b?2#0 A c2+d?#0 A m¢zZ

Derivation: Algebraic expansion

Basis:c +dz = {14k (1-iz) + 109 (141 2)

Rule:lf bc-ad+0 A a?+b2+0 A c2+d?>+0 A me Z,then

J‘(a+bTan[e+fx])m (c+dTan[e+fx]) dx —
(c+1d)

" J(a+bTan[e+-Fx])'" (1-iTan[e+fx]) dlx+¥J‘(a+bTan[e+-Fx])m (1+iTan[e+fx])dx

Program code:

Int[(a_.+b_.+tan[e_.+f_.#x_] ) m_«(c_.+d_.xtan[e_.+f_.»x_]),x_Symbol] :=
(c+Ixd)/2xInt[(a+bxTan[e+fxx])"m« (1-IxTan[e+fxx]),x] +
(c-Ixd)/2xInt [ (a+b*Tan [e+'F*x] ) Amx (1+I*Tan [e+'F*x] ) ,x] /3

FreeQ[{a,b,c,d,e,f,m},x] & NeQ[bxc-axd,0] && NeQ[a"2+b"2,0] && NeQ[c"2+d"2,0] & Not[IntegerQ[m]]
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Rules for integrands of the form (a+b tan(e+f x))~m (c+d tan(e+f x))~n

3. J(a+bTan[e+fx])'" (c+dTan[e+fx])2d1x whenbc-ad#0
1. J(a+bTan[e+-Fx])"' (c+dTan[e+-Fx])2d1x whenbc-ad#0 Ams-1

1: J(a+bTan[e+-Fx])"' (c+dTan[e+-Fx])2dlx whenbc-ad#0 Am<-1 A a2+b%2==0

Rule:lf bc-ad+0 Am=<-1 A a?+b?=0,then

f(a+bTan[e+fx])"' (c+dTan[e+fx])2d1x N

b(ac+bd)? (a+bTan[e+fx]) 1

m
+

" - J\(a+bTan[e+fx])m+1 (ac®-2bcd+ad’-2bd*Tan[e + fx]) dx
2a°fm 2a

Program code:

Int[(a_+b_.»tan[e_.+f_.xx_])"m_x(c_.+d_.«tan[e_.+f_.*x_])"2,x_Symbol] :=

-bx (axc+bxd) ~2x (a+b*Tan [e+‘F*x] )"m/(z*a"B*f*m) +

1/ (2%a~2) »Int[ (a+bxTan[e+fxx])~ (m+1) xSimp[axc 2-2«bxcxd+axd 2-2«bxd"2«Tan [e+f*x],x],x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] & LeQ[m,-1] && EqQ[a"2+b"2,0]
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Rules for integrands of the form (a+b tan(e+f x))~m (c+d tan(e+f x))~n

2. J-(a+bTan[e+-Fx])rn (c+dTan[e+-Fx])2dlx whenbc-ad#0 Am<-1 A a2+b%#0

.. J-(c+dTan[e+-Fx])2

a+bTan[e+-Fx]

dx whenbc-ad#0 A a2 +b%#0

Derivation: Algebraic expansion

Bas's. (c+dz)? __ d(2bc-ad) + d2z + (bc-ad)?
a+bz b2 b b2 (a+b z)

Rule:if bc-ad + 0 A a%+b? +0,then

(c+dTan[e+fx])? d(2bc-ad) x d? (bc-ad)? 1
j dx — —+—JTan[e+-Fx]d1x+ J dx
a+bTan[e+fx] b? b b? a+bTan[e+-Fx]

Program code:

Int[(c_.+d_.«tan[e_.+f_.+x_])~2/(a_.+b_.»tan[e_.+f_.xx_]),x_Symbol] :=
dx (2xbxc-axd) xx/b"2 + d*2/bxInt[Tan[e+f+x],x] + (bxc-axd)~2/b"2+Int[1/(a+bxTan[e+fxx]),x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && NeQ[a"2+b"2,0]
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Rules for integrands of the form (a+b tan(e+f x))~m (c+d tan(e+f x))~n

2: j(a+bTan[e+-Fx])"'(c+dTan[e+-Fx])2dlx whenbc-ad#0 Am<-1 A a2+b%#0

Derivation: Tangent recurrence 1b withA -> ¢?, B->2cd, C->d?, n->0

Rule:lf bc-ad+0 A m< -1 A a%?+b? +0,then

f(a+bTan[e+fx])"' (c+dTan[e+fx])2d1x N

(bc—ad)2(a+bTan[e+1=x])'"+1 1

+ J‘(a+bTan[e+fx])m+1 (ac®+2bcd-ad’- (bc*-2acd-bd?) Tan[e+fx]) dx
bf (m+1) (a%+b?) a? + b?

Program code:

Int[(a_.+b_.xtan[e_.+f_.xx_]) m_x(c_.+d_.+tan[e_.+Ff_.xx_])~2,x_Symbol] :=

(bxc-axd) ~2x (a+b*Tan [e+'F*x] )" (m+1)/(b*‘F* (m+1) % (a”2+b"2) ) +

1/ (ar2+b*2) +Int [ (a+bxTan[e+fxx]) A (m+1) +Simp [a*c 2+2xbxcxd-axd 2- (bxc"2-2+axcxd-bxd 2) xTan [e+fxx],x],x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,@0] && LtQ[m,-1] && NeQ[a"2+b"2,0]
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Rules for integrands of the form (a+b tan(e+f x))~m (c+d tan(e+f x))~n

2: J(a+bTan[e+fx])'" (c+dTan[e+fx])2d1x whenbc-ad#0 Amg-1

Derivation: Tangent recurrence 2b withA -> ¢?, B->2cd, C->d?, n->0

Rule:lf bc-ad +#0 A m¢ -1, then

d? (a+bTan[e+Fx])""1

J-(a+bTan[e+-Fx])'" (c+dTan[e+-Fx])2c'llx — +f(a+bTan[e+fx])'" (c?-d*+2cdTan[e+fx]) dx

bf (m+1)

Program code:
Int[(a_.+b_.xtan[e_.+f_.xx_]) m_x(c_.+d_.xtan[e_.+f_.xx_])~2,x_Symbol] :=
d”2x (a+b*Tan [e+'F*X] ) A (m+1)/(b*f* (m+1) ) +

Int[ (a+bxTan[e+fxx]) mxSimp[c"2-d"2+2«cxdxTan[e+Ffxx],x],x] /3
FreeQ[{a,b,c,d,e,f,m},x] & NeQ[bxc-axd,0] && Not[LeQ[m,-1]] && Not[EqQ[m,2] & EqQ[a,0]]

4, j(a+bTan[e+fx])"'(c+dTan[e+-Fx])"dlx whenbc-ad#0 A a2+b?==0 A c2+d?#0
1. J(a+bTan[e+fx])'"(c+dTan[e+fx])"d1x whenbc-ad#0 A a2+b?==0 A c2+d’#0@ Am+n==0

1. J(a+bTan[e+fx])"'(c+dTan[e+-Fx])"d1x whenbc-ad#0 A a2+b%?==0 A c2+d2¢0Am+n==0Am2%

\/a+bTan[e+fx]
1: dx whenbc-ad#0 A a2+b?==0 A c2+d?>#0

\/c+dTan[e+fx]

Derivation: Integration by substitution

Basis: If a2 + b2 == @, then VatbTan[e+fx] __ _2ab Subst 1 X, \/c+d Tan[e+f x] Oy v/ c+dTan[e+f x]
v c+rd Tan[e+f x] f ac-bd-2a%x ~Ja+b Tan[e+f x| va+bTan[e+f x]

Rule:if bc-ad+0 A a2+b%2==0 A c2+d?+0,then
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Rules for integrands of the form (a+b tan(e+f x))~m (c+d tan(e+f x))~n

dx, X,
ac-bd-2a?x?

\/a+bTan[e+-Fx] ix -ZabSubst[J 1 '\/c+dTan[e+-Fx] ]

\/c+dTan[e+fx] \/a+bTan[e+-Fx]

Program code:

Int[Sqrt[a_+b_.+tan[e_.+f_.xx_]]/Sart[c_.+d_.+tan[e_.+f_.+x_]],x_Symbol] :=
-2xaxb/fxSubst[Int[1/ (axc-bxd-2+a"2xx"2),x],X,Sqrt[c+d+Tan[e+fxx]]/Sqrt[a+bsTan[e+f+x]]] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && EqQ[a"2+b"2,0] 8&& NeQ[c"2+d"2,0]

2: J(a+bTan[e+-Fx])"'(c+dTan[e+-Fx])"dlx whenbc-ad#0 A a2 +b%:==0 A c2+d2¢eAm+n==0Am>§

Derivation: Symmetric tangent recurrence lawithA -1, B> 90, n > -m

Note: If a2 + b2 =0 A c2+d? +0,thenac-bd # 0.

Rule:lfbc—ad;t@AaerbZ::@Ac2+d2¢@Am+n::0Am>%,then

j(a+bTan[e+fX])m (c+dTan[e+fx])"dx —

ab(a+bTan[e+1:x])""1 (c+dTan[e+-Fx])"+1 2 a2
f(m-1) (ac-bd) “ac-bd

J(a+bTan[e+1=x])""1 (c+dTan[e+-Fx])"*1dlx

Program code:

Int[(a_+b_.»tan[e_.+f_.»x_])"m_x(c_.+d_.«tan[e_.+f_.#x_])~n_,x_Symbol] :=
axbx (a+bxTan[e+fxx])” (m-1) x (c+dxTan [e+fxx])~ (n+1) /(fx (m-1) * (axc-bxd)) +
2xa”2/ (axc-bxd) +Int [ (a+bxTan[e+fxx] )~ (m-1)  (c+d«Tan[e+fxx] )~ (n+1),x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && EqQ[a"2+b"2,0] && NeQ[c"2+d"2,0] & EqQ[m+n,0] && GtQ[m,1/2]
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Rules for integrands of the form (a+b tan(e+f x))~m (c+d tan(e+f x))~n

2: J-(a+bTan[e+-Fx])m(c+dTan[e+-Fx])"dlx whenbc-ad#0 A a2+b%2==0 A c2+d2¢0Am+n==0Ams—§

Derivation: Symmetric tangent recurrence 2b withA—-c, B->d, n> -m-1

Note: If a2 +b% =0 A c?+d?* +0,thenac-bd % 0.

Rule:lfbc—ad;ﬁ@AaerbZ::@/\c2+d2¢@/\m+n::0/\ms—%,then

j(a+bTan[e+-Fx])"' (c+dTan[e+fx])"dx —

bT fx])" (c+dT fx])" -bd
a(arbranfe~ "]Lf(“ anfe+x]) _a‘bz J(a+bTan[e+-Fx])"”1 (c+dTan[e+fx])" " ax
2 m 2

Program code:

Int[(a_+b_.»tan[e_.+f_.%x_])"m_x(c_.+d_.«tan[e_.+f_.#x_])~n_,x_Symbol] :=
a* (a+b*Tan [e+f*x] ) mx (c+d*Tan [e+f*x] ) "n/(z*b*f*m) -
(axc-bxd) / (2xb*2) »Int [ (a+bxTan[e+fxx] )~ (m+1) « (c+dxTan[e+fxx] )~ (n-1),x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && EqQ[a"2+b"2,0] && NeQ[c"2+d"2,0] & EqQ[m+n,0] && LeQ[m,-1/2]
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Rules for integrands of the form (a+b tan(e+f x))~m (c+d tan(e+f x))~n

2. J(a+bTan[e+fX])"‘(c+dTan[e+fx])"d1x whenbc-ad#0 A a2+b?==0 A c2+d’#0 Am+n+1==0

1: J(a+bTan[e+-Fx])"'(c+dTan[e+-Fx])"d]x whenbc-ad#0 A a2+b?==0 A c2+d>’#0 Am+n+1=0 A m<-1

Derivation: Symmetric tangent recurrence 2b withA -1, B-0, n—> -m-1
Rule:if bc-ad+0@ A a?+b?>=0 A c?+d*?+0@ Am+n+1==20 A m< -1,then

j(a+bTan[e+fx])'" (c+dTan[e+fx])"dx —

a (a+bTan[e+-Fx])"' (c+dTan[e+-Fx])"+1
2fm(bc-ad) 2a

Program code:

Int[(a_+b_.»tan[e_.+f_.xx_])"m_x(c_.+d_.«tan[e_.+f_.#x_])~n_,x_Symbol] :=
ax (a+bxTan[e+fxx]) mx (c+d«Tan[e+Ffxx] )" (n+1) / (2+F+ms (bxc-axd)) +
1/ (2%a) »Int[ (a+bxTan[e+fxx])~ (m+1) » (c+d«Tan[e+fxx]) n,x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && EqQ[a"2+b"2,0] && NeQ[c"2+d"2,0] & EqQ[m+n+1,0] & LtQ[m,-1]

+ L (a+bTan[e+-Fx])'"+1 (c+dTan[e+-Fx])"dlx
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Rules for integrands of the form (a+b tan(e+f x))~m (c+d tan(e+f x))~n

2: J-(a+bTan[e+-Fx])"'(c+dTan[e+-Fx])"dlx whenbc-ad#0 A a2+b?==0 A c2+d?#0 Am+n+1==0 A m¢-1

Derivation: Symmetric tangent recurrence 3b withA -1, B0, n> -m-1
Rule:lif bc-ad+0@ A a?2+b?2=0 Ac2+d?°+#0 Am+n+1==0 A m<« -1,then

J(a+bTan[e+fx])"' (c+dTan[e+fx])"dx —

d(a+bTan[e+1=x])'"(c+dTan[e+1=x])"+1 a
- +

a+bTan[e+fx])" (c+dTan[e + fx])"* dx
Fm (c2 + d?) ac—deX +bTanfes £x])" (cxdTanfe s £x])

Program code:

Int[(a_+b_.xtan[e_.+f_.xx_]) m_x(c_.+d_.xtan[e_.+f_.xx_])~n_,x_Symbol] :=
-d= (a+b*Tan [e+f*x] ) Am# (c+d*Tan [e+'F*x] ) A (n+1)/(f*m* (c”2+d”2) ) +
a/ (axc-bxd) xInt [ (a+b*Tan [e+f*x] ) m* (c+d*Tan [e+f*x] ) A (n+1) ,x] /3
FreeQ[{a,b,c,d,e,f,m,n},x| && NeQ[bxc-axd,0] && EqQ[a"2+b"2,0] && NeQ[c"2+d"2,0] & EqQ[m+n+1,0] && Not[LtQ[m,-1]]

5 j(c+dTan[e+fx])"

a+bTan[e+-Fx]

dx whenbc-ad#0 A a2+b%>=0 A c2+d?#0

dx whenbc-ad#0 A a2+b?==0 A c2+d’#0 An>0

. J-(c+dTan[e+-Fx])"

a+bTan[e+fx]

dx whenbc-ad#0 A a2+b?==0 A c2+d>’#0 A O<n<1

. J~(c+dTan[e+fx])"

a+bTan[e+fx]

Derivation: Symmetric tangent recurrence 2awithA -1, B> 0, m-> -1
Derivation: Symmetric tangent recurrence 2b withA > c, B->d, m-> -1, n>n-1

Rule:lf bc-ad+0 A a?+b?2==0 A c?2+d*>+0 A @<n<1,then
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Rules for integrands of the form (a+b tan(e+f x))~m (c+d tan(e+f x))~n

dx —

(c+dTan[e+fx])"
J

a+bTan[e+-Fx]

(ac+bd) (c+dTan[e+fx])"

_2(bc—ad)f(a+bTan[e+fx])
1

—J‘(c+dTan[e+-Fx])"'1 (acd(n-1) +bc*+bd*n-d (bc-ad) (n-1) Tan[e + fx]) dx
2a(bc-ad)

Program code:

Int[(c_.+d_.«tan[e_.+f_.+x_])~n_/(a_+b_.+tan[e_.+f_.*x_]),x_Symbol] :=
—(a*c+b*d)*(c+d*Tan[e+f*x])An/(Z*(b*c—a*d)*f*(a+b*Tan[e+f*x])) +
1/ (2#ax (bxc-a*d) ) »Int[ (c+d+Tan[e+fxx] )~ (n-1) xSimp[axcxdx (n-1) +bxc 2+bxd"24n-dx (bxc-axd) x (n-1) xTan[e+Ffxx],x],x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && EqQ[a"2+b"2,0] && NeQ[c"2+d"2,0] & LtQ[0,n,1]

dx whenbc-ad#0 A a2+b%==0 A c2+d’#0 An>1

). J(c+dTan[e+-Fx])"

a+bTan[e+-Fx]

Derivation: Symmetric tangent recurrence 2awithA - c, B>d, m-> -1, n->n-1

Rule:if bc-ad+0 A a?+b?>=0 A c?2+d>+0 A n>1,then

dx —

(c+dTan[e+fx])"
/

a+bTan[e+-Fx]

(bc-ad) (c+dTan[e+fx])"*

+

2af (a+bTan[e+-Fx])

1
— (c+dTan[e+1“x])"'z (ac®+ad? (n-1) -bcdn-d(ac (n-2) +bdn) Tan[e + fx]) dx
2a

Program code:

Int[(c_.+d_.«tan[e_.+f_.+x_])~n_/(a_+b_.xtan[e_.+f_.»x_]),x_Symbol] :=

(bxc-axd) = (c+d*Tan [e+f*x] ) A (n—1)/(2*a*-F* (a+b*Tan [e+'F*x] ) ) +

1/ (2%a~2) »Int[ (c+dxTan[e+fxx])~ (n-2) xSimp[a*c”2+a*d"2# (n-1) -bxCxdxn-d* (a*C* (n-2) +bxdxn) xTan[e+Ff+x],x],x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && EqQ[a"2+b"2,0] && NeQ[c2+d"2,0] & GtQ[n,1]
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Rules for integrands of the form (a+b tan(e+f x))~m (c+d tan(e+f x))~n

1

Z:J dx whenbc-ad#0 A a2+b%>=0 A c2+d?#0
(a+bTan[e+fx]) (c+dTan[e+fx])

Derivation: Algebraic expansion

. 1 . b _ d
Basis: (a+bz) (c+dz) =~ (bc-ad) (a+bz) (bc-ad) (c+dz)

Rule:if bc-ad+0 A a2+b?==0 A c?+d?+0,then

b d
J ! dx — J ! dx - J = dx
(a+bTan[e+fx]) (c+dTan[e+fx]) bc-adJa+bTan[e+fx] bc-adJc+dTan[e+fx|

Program code:

Int[1/((a_.+b_.xtan[e_.+f_.*x_])(c_.+d_.xtan[e_.+f_.xx_])),x_Symbol] :=
b/ (bxc-axd) +Int[1/(a+bxTan[e+fxx]),x] - d/(bxc-axd)+Int[1/(c+dxTan[e+fxx]),x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && EqQ[a"2+b"2,0] 8&& NeQ[c"2+d"2,0]
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Rules for integrands of the form (a+b tan(e+f x))~m (c+d tan(e+f x))~n

dx whenbc-ad#0 A a2+b?==0 A c2+d’#0 An30

. J«(c+dTan[e+-Fx])"

a+bTan[e+fx]

Derivation: Symmetric tangent recurrence 2b withA -1, B—- 0, m - -1

Rule:lf bc-ad+0 A a2+b?2=0 A c?2+d?>+0 A n30,then

dx —

(c+dTan[e+fx])"
/

a+bTan[e+-Fx]

.a\(c+dTan[e+-Fx])n+1 1
- + J(c+dTan[e+fx])"(bc+ad(n—1)—bdnTan[e+fx])d1x
2f (bc-ad) (a+bTan[e+fx]) 2a(bc-ad)

Program code:

Int[(c_.+d_.«tan[e_.+f_.+x_])~n_/(a_+b_.stan[e_.+f_.»x_]),x_Symbol] :=

-ax* (c+d*Tan [e+f*x] )" (n+1)/(2*f* (bxc-axd) * (a+b*Tan [e+f*x] ) ) +

1/ (2xa* (bxc -axd)) »Int[ (c+dsTan[e+fxx]) n+Simp [bxc+axdx (n-1) -bxd+n«Tan [e+fxx],x],x]| /;
FreeQ[{a,b,c,d,e,f,n},x] & NeQ[bxc-axd,0] && EqQ[a"2+b"2,0] && NeQ[c"2+d"2,0] & Not[GtQ[n,0]]
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Rules for integrands of the form (a+b tan(e+f x))~m (c+d tan(e+f x))~n

4, J(a+bTan[e+fx])"'(c+dTan[e+fx])"d1x whenbc-ad#0 A a2+b%2=20 A c2+d*#20 A m>1

1: J(a+bTan[e+-Fx])"'(c+dTan[e+-Fx])"d1x whenbc-ad#0 A a2+b?==0 A c2+d’#0 Am>1 A n<-1

Derivation: Symmetric tangent recurrence lawithA - a, B->b, m->m-1
Rule:lf bc-ad+0 A a?+b2=0 A c?2+d>+#0 Am>1 A n<-1,then

j(a+bTan[e+fx])'" (c+dTan[e+ fx])"dxdx —

a2 (bc-ad) (a+bTan[e+1:x])'"'2 (c+dTan[e+-Fx])n+1
- +

df (bc+ad) (n+1)

a
d(bc+ad) (n+1)

J‘(a+bTan[e+-Fx])""z (c+dTan[e+-Fx])n+1 (b(bc (m-2) -ad (m-2n-4)) + (abc (m-2) +b>d (n+1) -a’d (m+n-1)) Tan[e + fx]) dx

Program code:

Int[(a_+b_.xtan[e_.+f_.»x_])~m_x(c_.+d_.xtan[e_.+f_.xx_])~n_,x_Symbol] :=
-a”"2x (bxc-axd) x (a+b*Tan [e+‘F*x] )" (m-2) % (c+d*Tan [e+f*x] ) 2 (n+1)/(d*f* (bxc+axd) » (n+1) ) +
a/ (d* (bxc+axd) » (n+1)) +Int [ (a+bxTan[e+fxx] )" (m-2)  (c+d«Tan[e+fxx] )" (n+1) *
Simp [b# (b*Cx (M-2) ~axdx (M-24Nn-4) ) + (axbxCx (M-2) +b"2xdx (n+1) -a*2xd (m+n-1) ) xTan[e+Ff+x],x],x] /3
FreeQ[{a,b,c,d,e,f},x] 8& NeQ[bxc-axd,0] && EqQ[a"2+b"2,0] & NeQ[c2+d"2,0] & GtQ[m,1] && LtQ[n,-1] & (IntegerQ[m] || IntegersQ[2sm,2xn])



Rules for integrands of the form (a+b tan(e+f x))~m (c+d tan(e+f x))~n

2. J(a+bTan[e+-Fx])m(c+dTan[e+-Fx])"dlx whenbc-ad#0 A a2+b?==0 A c2+d?’#0 Am>1 An¢-1

dx whenbc-ad#0 A a2+b%=0 A c2+d*#0

.. J-(a+bTan[e+-Fx])3/2

c+dTan[e+fx]

Derivation: Algebraic expansion

Basis: If a + b® == @ A c®+d? # 0, then (=222, 22Vasb:  (bcdialcd)) aba) Varbe

ac-bd a (c?+d?) (c+dz)

Note: If a2 +b% =0 A c?2+d?* £ 0,thenac-bd % 0.

Rule:lf bc-ad+0 A a2+b%2==0 A c?+d?+0,then

bT £x])%2 2
j(a+ anfe+fx]) dx — 2—aJ\/a+bTan[e+-Fx] dx -

c+dTan[e+fx] ac-bd a(c2+d2) c+dTan[e+fx]

Program code:

Int[(a_+b_.xtan[e_.+f_.xx_])~(3/2)/(c_.+d_.xtan[e_.+f_.xx_]),x_Symbol] :=

2xa2/ (axc-bxd) xInt[Sqrt[a+bxTan[e+fxx]],x] -

(2xbxcxd+ax (€72-d"2)) / (a* (c*2+d~2) ) +Int [ (a-bxTan[e+fxx]) xSqrt [a+bsTan [e+f+x]]/(c+dxTan[e+fxx]),x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && EqQ[a"2+b"2,0] && NeQ[c"2+d"2,0]

(a+bTan[e+1:x])3/2
2: dx whenbc-ad#0 A a2+b%2=0 A c2+d*>+0

\/c+dTan[e+-Fx]

Derivation: Algebraic expansion
Basis: If a2 + b2 == O,then (a+bz)3/2 ==2aVa+bz +§ (b+az) Ya+bz

Rule:lf bc-ad+0 A a2+b2==0 A c?+d?+0,then

2bcd+a (c?-d?) J\(a—bTan[ewa]) \/a+bTan[e+-Fx]
dx
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Rules for integrands of the form (a+b tan(e+f x))~m (c+d tan(e+f x))~n

\{(a+bTan[e+1’x])3/2 J"\/a+bTan[e+fx] bJ(b+aTan[e+fX])'\/a+bTan[e+-Fx]
dx — 2a d - d

X+
a

X

\/c+dTan[e+-Fx] \/c+dTan[e+fx] \/c+dTan[e+-Fx]

Program code:

Int[(a_+b_.xtan[e_.+f_.xx_])~(3/2)/sqrt[c_.+d_.+tan[e_.+f_.+x_]],x_Symbol] :=
2xaxInt[Sqrt[a+bxTan[e+fxx]]/Sqrt[c+d+Tan[e+fxx]],x] +
b/axInt[ (b+axTan[e+fxx])+Sqrt[a+bxTan[e+fxx] ]/Sqrt [c+dxTan[e+fxx]],x] /3
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && EqQ[a"2+b"2,0] && NeQ[c"2+d"2,0]

3: J(a+bTan[e+fx])'“(c+dTan[e+fx])"d1x whenbc-ad#0 A a2+b?==0 A c2+d’#0 Am>1 Am+n-1#0

Derivation: Symmetric tangent recurrence 1lb withA - a, B->b, m->m-1

Note: This rule is applied whenm € Z even if n is symbolic since the antiderivative can be expressed in terms of
hypergeometric functions instead of requiring Appell functions.

Rule:if bc-ad+0 A a?+b?2==0 A c?+d>+0 Am>1 Am+n-1<+0,then

j(a+bTan[e+-Fx])'" (c+dTan[e+fx])"ax —

b2 (a+bTan[e+-Fx])""2 (c+dTan[e+-Fx])n+1
df m+n-1)

+

(j;‘J‘(a+bTan[e+-Fx])""2 (c+dTan[e+fx])" (bc(m-2) +ad (m+2n) + (ac(m-2) +bd (3m+2n-4)) Tan[e+fx] ) dx
(m+n-1)

Program code:

Int[(a_+b_.xtan[e_.+f_.*x_])"m_x(c_.+d_.«tan[e_.+f_.+x_])~n_,x_Symbol] :=
b”2x (a+b*Tan [e+'F*X] ) A(m-2) * (c+d*Tan [e+'F*X] ) 2 (n+1)/(d*f* (m+n-1) ) +
a/ (d* (msn-1)) *Int[ (a+bxTan[e+fxx] )" (m-2) * (c+d«Tan[e+fxx] ) ~n«
Simp [b#Cx (M-2) +axdx (M+2#N) + (a%C# (M-2) +bxdx (3xm+2xn-4) ) xTan[e+fxx],x],x] /;
FreeQ[{a,b,c,d,e,f,n},x] & NeQ[bxc-axd,0] & EqQ[a~2+b"2,0] 8&& NeQ[c"2+d"2,0] && IntegerQ[2sm] & GtQ[m,1] && NeQ[m+n-1,0] &&
(IntegerQ[m] || IntegersQ[2xm,2xn])
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Rules for integrands of the form (a+b tan(e+f x))~m (c+d tan(e+f x))~n

5. J(a+bTan[e+fx])'"(c+dTan[e+fx])"d1x whenbc-ad#0 A a2+b%2==0 A c2+d?#0 Am<©

1. J(a+bTan[e+fx])’"(c+dTan[e+fx])"d1x whenbc-ad#0 A a2+b?==0 A c2+d>#0 AmM<O A n>0

1: J.(a+bTan[e+-Fx])'"\/c+dTan[e+-Fx] dx whenbc-ad#0 A a2+b%>=0 A c2+d*#0 A m<0©

Derivation: Symmetric tangent recurrence 2a withA -1, B >0, n > %

N |

Derivation: Symmetric tangent recurrence 2b withA - 0, B> 1, n >

Rule:if bc-ad+0 A a?+b?>=0 A c?2+d*>+0 A m< 09,then

J(a+bTan[e+fx])'"\/c+dTan[e+fx] dx —

dx

b(a+bTan[e+-Fx])"'\/c+dTan[e+-Fx] 1 J\(a+bTan[e+-Fx])"1+1 (2acm+bd+ad (2m+1) Tan[e + fx])
- +

2afm 4a’m \/c+dTan[e+fx]

Program code:

Int[(a_+b_.»tan[e_.+f_.xx_])"m_sSqrt[c_.+d_.xtan[e_.+f_.»x_]],x_Symbol] :=

-bx (a+b*Tan [e+'F*x] ) AmxSqrt [c+d*Tan [e+'F*x] ]/(z*a*f*m) +

1/ (4xa"2sm) xInt[ (a+bsTan[e+Ffxx] )" (m+1) +Simp[2+axcxmtbrd+axdx (2+m+1) xTan[e+Ffxx],x]/Sqrt[c+dsTan[e+f+x]],x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] & EqQ[a"2+b"2,0] & NeQ[c"2+d"2,0] && LtQ[m,0] && IntegersQ[2xm]

2: J(a+bTan[e+-Fx])"'(c+dTan[e+-Fx])"dlx whenbc-ad#0 A a2+b?==0 A c2+d*#0 Am<0@ An>1

Derivation: Symmetric tangent recurrence 2awithA - c, B>d, n->n-1

Rule:if bc-ad+0 A a?+b>==0 A c?2+d>+#0 Am<0 A n>1,then

j(a+bTan[e+-Fx])"' (c+dTan[e+fx])"dx —
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Rules for integrands of the form (a+b tan(e+f x))~m (c+d tan(e+f x))~n 33

(bc-ad) (a+bTan[e+fx])" (c+dTan[e+-Fx])"'1
2afm "

1

S J\(a+bTan[e+-Fx])m+1 (c+dTan[e+1:x])"'2 (c(@acm+bd(n-1)) -d (bcm+ad(n-1)) -d (bd (m-n+1) -ac (m+n-1)) Tan[e + fx]) dx
2a°m

Program code:

Int[(a_+b_.xtan[e_.+f_.»x_])"m_x(c_.+d_.«tan[e_.+f_.+x_])~n_,x_Symbol] :=
- (bxc-axd) » (a+b*Tan [e+f*x] )"m* (c+d*Tan [e+f*x] )" (n—1)/(2*a*-F*m) +
1/ (2xa”*2xm) xInt [ (a+b*Tan [e+‘F*x] )" (m+1) % (c+d*Tan [e+f*x] ) A(n-2) %
Simp [c# (axCxm+bxd# (n-1) ) -d* (bxCxm+axdx (nN-1) ) -d (bxd* (m-n+1) -axcx (m+n-1) ) xTan [e+Ffxx],x],x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && EqQ[a"2+b"2,0] && NeQ[c 2+d"2,0] & LtQ[m,0] && GtQ[n,1] & (IntegerQ[m] || IntegersQ[2m,2n])

2: J(a+bTan[e+-Fx])m(c+dTan[e+-Fx])"dlx whenbc-ad#0 A a2+b?==0 A c2+d*’#0 AmM<O A n}0O

Derivation: Symmetric tangent recurrence 2b withA - 1, B > @
Rule:lf bc-ad+0 A a?+b2=0 A c?2+d>+0 Am<0 A n #0,then

j(a+bTan[e+fx])m (c+dTan[e+fx])"dx —

n+l

a(a+bTan[e+fx])" (c+dTan[e+fx])

2fm(bc-ad)
1

mj(a+bTan[e+fx])"1+1 (c+dTan[e+fx])" (bcm-ad (2m+n+1) +bd (m+n+1) Tan[e + fx]) dx

Program code:

Int[(a_+b_.»tan[e_.+f_.»x_])"m_x(c_.+d_.«tan[e_.+f_.#x_])~n_,x_Symbol] :=
ax (a+bxTan[e+fxx]) mx (c+d«Tan[e+Ffxx] )" (n+1) / (24F+ms (bxc-axd)) +
1/ (2%axmx (bxc-axd) ) xInt [ (a+b*Tan [e+-F*x] )" (m+1) (c+d*Tan [e+f*x] ) Nx
Simp [bxcxm-axd+ (2+m+n+1) +bxdx (m+n+1) xTan [e+fxx],x]|,x] /;
FreeQ[{a,b,c,d,e,f,n},x] & NeQ[bxc-axd,0] && EqQ[a"2+b"2,0] && NeQ[c"2+d"2,0] && LtQ[m,0] && (IntegerQ[m] || IntegersQ[2xm,2xn])



Rules for integrands of the form (a+b tan(e+f x))~m (c+d tan(e+f x))~n 34

6: J(a+bTan[e+fx])"'(c+dTan[e+fx])"d1x whenbc-ad#0 A a2+b?==0 A c2+d’#0 An>1 Am+n-1+0

Derivation: Symmetric tangent recurrence 3awithA - c, B>d, n->n-1
Rule:if bc-ad+0 A a?+b?2=0 A c?2+d’+#+0 An>1Am+n-1%+0,then

J(a+bTan[e+fx])"' (c+dTan[e+fx])"dx —

d (a+bTan[e+fx])"' (c+dTan[e+1°x])"‘1 i

f(m+n-1)

ﬁj(a+bTan[e+fX])m (c+dTan[e+£x])"?.

(d(bcm+ad (-1+n)) —ac* (m+n-1) +d (bdm-ac (m+2n-2)) Tan[e + fx]) dx

Program code:

Int[(a_+b_.xtan[e_.+f_.*x_])"m_x(c_.+d_.«tan[e_.+f_.+x_])~n_,x_Symbol] :=
dx (a+bxTan [e+fxx] ) mx (c+dxTan[e+fxx] )~ (n-1) /(f* (men-1)) -
1/ (ax (m+n-1)) »Int[ (a+bxTan[e+fxx]) mx (c+d«Tan[e+fxx] )" (n-2) »
Simp [d* (bxcxm+axd* (-1+n) ) —a*c” 2% (m+n-1) +d* (bxdxm-axc* (m+2xn-2) ) *Tan [e+-F*x] ,X] ,X] /3
FreeQ[{a,b,c,d,e,f,m},x] & NeQ[bxc-axd,0] & EqQ[a"2+b"2,0] && NeQ[c"2+d"2,0] && GtQ[n,1] && NeQ[m+n-1,0] & (IntegerQ[n] || IntegersQ[2xm,2xn’

7: J(a+bTan[e+fx])"'(c+dTan[e+fx])"d1x whenbc-ad#0 A a2+b%2=20 A c2+d?#0 A n<-1

Derivation: Symmetric tangent recurrence 3b withA -1, B> 0
Rule:lf bc-ad+0 A a?+b2=0 A c?2+d?>+0 A n< -1,then

J(a+bTan[e+fx])"' (c+dTan[e+fx])"dx —

d (a+bTan[e+fx])'" (c+dTan[e+1=x])"+1

f(n+1) (c?+d?)



Rules for integrands of the form (a+b tan(e+f x))~m (c+d tan(e+f x))~n 35

1

J(a+bTan[e+-Fx])"‘ (c+dTan[e+-Fx])"+1 (bdm-ac (n+1) +ad (m+n+1) Tan[e + fx]) dx
a(n+1) (c+d?)

Program code:

Int[(a_+b_.xtan[e_.+f_.»x_])~m_x(c_.+d_.xtan[e_.+f_.*x_])~n_,x_Symbol] :=
dx (a+b*Tan [e+f*x] )"m* (c+d*Tan [e+f*x] )" (n+1)/(-F* (n+1) % (c”*2+d"2) ) -
1/ (ax (€*2+d"2) = (n+1)) *Int [ (a+bxTan[e+fxx])*m« (c+d«Tan[e+fxx] )" (n+1) *
Simp [bxdsm-axc+ (n+1) +axdx (m+n+1) xTan[e+Ff+x],x],x] /;
FreeQ[{a,b,c,d,e,f,m},x] & NeQ[bxc-axd,0] && EqQ[a"2+b"2,0] && NeQ[c"2+d"2,0] & LtQ[n,-1] && (IntegerQ[n] || IntegersQ[2«m,2n])

5. J-(a+bTan[e+-Fx])"'

c+dTan[e+fx]

dx whenbc-ad#0 A a2+b?==0 A c>2+d?#0

Derivation: Algebraic expansion

ice (a+bz)" _ a(a+tbz)" d (a+bz)" (b+az)
Basis: c+dz ~ ac-bd (ac-bd) (c+dz)

Rule:if bc-ad+0 A a2+b?==0 A c?+d?+0,then

J(""*bTa"[e*‘cx])m a J(a+bTan[e+-Fx])'"d1x_ d J(a+bTan[e+fX])m(b+aTan[e+fX])dlx

dx —
c+dTan[e + fx] ac-bd ac-bd c+dTan[e+fx|

Program code:

Int[(a_+b_.xtan[e_.+f_.xx_])~m_/(c_.+d_.+tan[e_.+f_.+x_]),x_Symbol] :=

a/ (axc-bxd) +Int[ (a+bxTan[e+fxx])~m,x] -

d/ (axc-bxd) »Int[ (a+bxTan[e+fxx]) mx (b+axTan[e+Ffxx] )/(c+d*Tan [e+fxx]),x] /3
FreeQ[{a,b,c,d,e,f,m},x] & NeQ[bxc-ad,0] & EqQ[a"2+b"2,0] && NeQ[c"2+d"2,0]



Rules for integrands of the form (a+b tan(e+f x))~m (c+d tan(e+f x))~n

9: J\/a+bTan[e+fx] '\/c+dTan[e+-Fx] dx whenbc-ad#0 A a2+b?=0 A c2+d*>#0

Derivation: Algebraic expansion

Basis: Vc+dz == 2l dlban)
aVc+dz avVc+dz

Note: If a2 +b? =0 A c?+d? +0Q,thenac-bd + 0.

Rule:lf bc-ad+0 A a2+b2==0 A c?+d?+0,then

- bT f bT f b T f
J\/a+bTan[e+fX] \/C+dTan[e+fx] dx — ac de\/a+ an[e+ x] dlx+E\JA\/a+ an[e+ x] ( e an[e+ X])dlx

a \/c+dTan[e+fx] a \/c+dTan[e+fx]

Program code:

Int[Sqrt[a_+b_.+tan[e_.+f_.xx_]]*Sqrt[c_.+d_.+tan[e_.+f_.xx_]],x_Symbol] :=
(axc-bxd) /a*Int[Sqrt[a+bsTan[e+f+x]]/Sqrt[c+d+Tan[e+fsx]],x] +
d/axInt[Sqrt[a+bsTan[e+fxx]] (b+axTan[e+fxx])/Sqrt[c+d+Tan[e+f+x]],x] /;

FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && EqQ[a"2+b"2,0] && NeQ[c"2+d"2,0]

10: j(a+bTan[e+-Fx])'" (c+dTan[e+'Fx])"dlx whenbc-ad#0 A a2+b%==0 A c2+d?#0

Derivation: Integration by substitution

Basis: If a® + b2 == @,then (a+bTan[e+fx])" (c+dTan[e +fx])" ==

a+x)m1 (c+d—X

o) , X, bTan[e+fx] | Ox (bTan[e + fx])

ab (
P Subst

b2+a x

Rule:if bc-ad+0 A a2+b?==0 A c?+d?+0,then



Rules for integrands of the form (a+b tan(e+f x))~m (c+d tan(e+f x))~n

(a+x)™? (c+ de)"

a+bTan[e+fx])" (c+dTan[e+fx])"dx — ﬂSubst
(o +bTan[e+x]) :

b? + ax

Program code:

Int[(a_+b_.»tan[e_.+f_.»x_])"m_x(c_.+d_.«tan[e_.+f_.#x_])~n_,x_Symbol] :=
axb/fxSubst [Int[(a+x)~(m-1) » (c+d/bxx) *n/ (b*2+ax) ,X],X,bxTan[e+f+x]] /;
FreeQ[{a,b,c,d,e,f,m,n},x] & NeQ[bxc-ad,0] & EqQ[a"2+b"2,0] && NeQ[c"2+d"2,0]

dx, X, bTan[e+-Fx]]
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Rules for integrands of the form (a+b tan(e+f x))~m (c+d tan(e+f x))~n

5. J(a+bTan[e+fx])'" (c+dTan[e+fx])"d1x whenbc-ad#0 A a2+b?#0 A c2+d*+0
1. J(a+bTan[e+-Fx])"'(c+dTan[e+-Fx])"d1x whenbc-ad#0 A a2+b2#0 A c2+d?2#0 Am>2

1: J(a+bTan[e+-Fx])"‘(c+dTan[e+-Fx])"dlx whenbc-ad#0 A a2+b?2#0 A c2+d?#0 Am>2 A n<-1

Derivation: Tangent recurrence lawithA - a2, B~2ab, C>b%, m->m-2

Rule:lf bc-ad+0 A a?+b?2+#0 A c?2+d>+0 Am>2 A n< -1,then

J(a+bTan[e+-Fx])'" (c+dTan[e+fx])"dx —

(bc-ad)? (a+bTan[e+-Fx])'"'2 (c+dTan[e+-Fx])"+1

df (n+1) (c+d?)
1
d(n+1) (c+d?)
(a*d (bd (m-2) ~ac (n+1)) +b (bc-2ad) (bc(m-2) +ad (n+1)) -
d(n+1) (3a’bc-b’c-a*d+3ab’d) Tan[e+ fx] -
b(ad (2bc-ad) (m+n-1) -b* (c> (m-2) -d®> (n+1))) Tan[e + fx]?) ax

J-(a+bTan[e+-Fx])""3 (c+dTan[e+fx])™*.

Program code:

Int[(a_.+b_.«tan[e_.+f_.*x_] )" m_«(c_.+d_.stan[e_.+f_.*x_])~n_,x_Symbol] :=
(bxc-axd) *2x (a+b*Tan [e+-F*x] )" (m-2) = (c+d*Tan [e+'F*X] ) 2 (n+1)/(d*'F* (n+1) » (c*2+d”*2) ) -
1/ (d* (n+1) * (c*2+d"2) ) »Int [ (a+b*Tan [e+'F*x] ) A(m-3) * (c+d*Tan [e+f*x] )" (n+1) %
Simp [a"Z*d* (bxd* (m-2) —axCx (n+1) ) +b* (bxc-2xaxd) * (bxcx (m-2) +axd» (n+1)) -
dx (n+1) * (3*a*2xbxc-b*3xc-a*3xd+3xaxb”2xd) xTan [e+-F*x] -
bx (axd* (2xbxc-axd) * (m+n-1) -b*2x (c*2x (m-2) -d*2% (n+1))) *Tan [e+‘F*x] "Z,x] ,x] /3
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && NeQ[a"2+b"2,0] & NeQ[c2+d"2,0] & GtQ[m,2] && LtQ[n,-1] & IntegerQ[2+m]
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Rules for integrands of the form (a+b tan(e+f x))~m (c+d tan(e+f x))~n 39

2: J-(a+bTan[e+-Fx])m(c+dTan[e+-Fx])"dlx whenbc-ad#0 A a2+b?#0 A c2+d?#0 Am>2 An¢-1

Derivation: Tangent recurrence 2a withA - a2, B—»2ab, C->b?, m->m-2

Note: This rule is applied whenm € Z even if n is symbolic since the antiderivative can be expressed in terms of
hypergeometric functions instead of requiring Appell functions.

Rule:lf bc-ad+0 Aa?2+b2+0 Ac?2+d>+#0 Am>2An¢<-1A (n=-1Vmez),then

J(a+bTan[e+-Fx])'" (c+dTan[e+fx])"dx —

b2 (a+bTan[e+-Fx])'"_2 (c+dTan[e+-Fx])"+1
+

df m+n-1)

1
mJ‘(a+bTan[e+-Fx])""3 (c+dTan[e+fx])" -

(a*d(m+n-1) -b?> (bc (m-2) +ad (1+n)) +bd (m+n-1) (3a’-b?) Tan[e+fx] -b* (bc (m-2) -ad (3m+2n—4))Tan[e+-Fx]2) dx

Program code:

Int[(a_.+b_.«tan[e_.+f_.*x_] )" m_#(c_.+d_.stan[e_.+f_.*x_])~n_,x_Symbol] :=
b2 % (a+b*Tan [e+f*x] ) A(m=-2) % (c+d*Tan [e+f*x] ) n (n+1)/ (d*f* (m+n-1) ) +
1/ (dx (m+n-1)) »Int[ (a+bxTan[e+fxx] )~ (m-3) » (c+d+Tan[e+Fxx] ) “nx
Simp [a"3*d* (m+n-1) -b”2% (bxc* (m-2) +axd* (1+n) ) +bxdx (m+n-1) x (3xa”~2-b”*2) xTan [e+f*x] -
b 2x (bxcx (M-2) ~axd* (3+m+2xn-4) ) xTan[e+Fxx]|~2,x],x] /;
FreeQ[{a,b,c,d,e,f,n},x] & NeQ[bxc-axd,0] & NeQ[a"2+b"2,0] && NeQ[c"2+d"2,0] & IntegerQ[2«m] && GtQ[m,2] && (GeQ[n,-1] || IntegerQ[m]) &&
Not [IGtQ[n,2] && (Not[IntegerQ[m]] || EqQ[c,0] && NeQ[a,0])]



Rules for integrands of the form (a+b tan(e+f x))~m (c+d tan(e+f x))~n

2. J(a+bTan[e+fx])"'(c+dTan[e+fx])"d1x whenbc-ad#0 A a2+b2#0 A c2+d?2#0 A m< -1
1. J(a+bTan[e+-Fx])"'(c+dTan[e+-Fx])"d1x whenbc-ad#0 A a2+b?#0 A c2+d?#0 Am<-1 AO<n<2

1: J(a+bTan[e+-Fx])"‘(c+dTan[e+-Fx])"dlx whenbc-ad#0 A a2+b?#0 A c2+d*#0 Am<-1 A l<n<2

Derivation: Tangent recurrence lawithA -a, B>b, C->0, m->m-1

Rule:lf bc-ad+0 A a?+b2+20 A c?+d>+#0 Am<-1A1<nc<2,then

J(a+bTan[e+-Fx])'" (c+dTan[e+fx])"dx —

(bc-ad) (a+bTan[e+-Fx])'"+1 (c+dTan[e+-Fx])"'1

+

f(m+1) (a%+b?)

: J‘(a+bTan[e+-Fx])m*1 (c+dTan[e+fx])"?.

(m+1) (a2+b2)
(ac® (m+1) +ad* (n-1) +bcd (m-n+2) - (bc*-2acd-bd?) (m+1) Tan[e+fx] -d (bc-ad) (m+n) Tan[e+-Fx]2) dx

Program code:

Int[(a_.+b_.«tan[e_.+f_.xx_] )" m_#(c_.+d_.»tan[e_.+f_.*x_])~n_,x_Symbol] :=
(bxc-axd) (a+b*Tan [e+f*x] ) A(m+l) » (c+d*Tan [e+'F*x] )" (n—1)/(f* (m+1) *x (a*2+b"2) ) +
1/ ((m+1) » (a"2+b"2) ) xInt [ (a+bxTan[e+fxx] )" (m+1) x (c+d+Tan[e+fxx]) " (n-2) »
Simp [a*c"z* (m+1) +a*d”*2% (n-1) +bxcxd* (m-n+2) - (b*c*2-2xaxcxd-bxd”2) » (m+1) *xTan [e+'F*X] -d* (bxc-axd) x (m+n) *Tan [e+-F*x] "2,X] ,X] /3
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && NeQ[a"2+b"2,0] & NeQ[c"2+d"2,0] & LtQ[m,-1] && LtQ[1,n,2] & IntegerQ[2xm]



Rules for integrands of the form (a+b tan(e+f x))~m (c+d tan(e+f x))~n

2: J-(a+bTan[e+-Fx])"'(c+dTan[e+-Fx])"dlx whenbc-ad#0 A a2+b?>#0 A c2+d*#0 Am<-1An>0

Derivation: Tangent recurrence lawithA -1, B—>90, C—> @
Derivation: Tangent recurrence 3b withA-a, B-b, C->0, m->m-1

Rule:lf bc-ad+0 A a?+b?2+0 A c?2+d>+0 Am< -1 A n > 0,then

J(a+bTan[e+fx])'" (c+dTan[e+fx])"dx —

b (a+bTan[e+-Fx])'"+1 (c+dTan[e+-Fx])"

f(m+1) (a%+b?) :
1
- a+bTan|e+fx mel c+dTan|e+fx n-1,
s rowy J CreTenler )™ (e rdTanfe s )

(ac(m+1) -bdn- (bc-ad) (m+1) Tan[e+fx]| -bd (m+n+1) Tan[e+-Fx]2) dx

Program code:

Int[(a_.+b_.«tan[e_.+f_.xx_] )" m_#(c_.+d_.»tan[e_.+f_.*x_])~n_,x_Symbol] :=
bx (a+b*Tan [e+f*x] )"(m+1) * (c+d*Tan [e+f*x])"n/(-F* (m+1) % (a"2+b"2)) +
1/ ((m+1) » (a"2+b"2) ) xInt [ (a+bxTan[e+fxx] )" (m+1) x (c+d+Tan[e+fxx] )~ (n-1) »
Simp[axcx (m+1) -bxdxn- (bxc-axd) x (m+1) xTan [e+Ffxx]| -bxdx (m+n+1) xTan[e+Fxx]*2,x],x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && NeQ[a"2+b"2,0] && NeQ[c"2+d"2,0] & LtQ[m,-1] && GtQ[n,@] & IntegerQ[2«m]

2: J(a+bTan[e+fx])’"(c+dTan[e+fx])"d1x whenbc-ad#0 A a2+b?2#20 A c2+d?’#0 Am<-1 A (nN<O V meZ)

Derivation: Tangent recurrence 3awithA -1, B—>0, C—> 0

Note: This rule is applied whenm € Z even if n is symbolic since the antiderivative can be expressed in terms of
hypergeometric functions instead of requiring Appell functions.

Rule:if bc-ad+0 A a?2+b?2+0 A c?2+d’20 Am<-1A (nN<O V meZ),then
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Rules for integrands of the form (a+b tan(e+f x))~m (c+d tan(e+f x))~n

~J‘(a+bTan[e+Fx])m (c+dTan[e+fx])"dx —

b? (a+bTan[e+fx])™" (c+dTan[e+fx])"*
N

f(m+1) (a®>+b?) (bc-ad)
1

a+bTan[e+fx])™ (c+dTan[e+fx])"-
(m+1) (a*>+b?) (bc-ad) J( [ N7 [ J)

(a(bc-ad) (m+1) -b>d (m+n+2) -b(bc-ad) (m+1) Tan[e+fx] -b*d (m+n +2) Tan[e+fx]2)d1

Program code:

Int[(a_.+b_.«tan[e_.+f_.xx_]) m_x(c_.+d_.«tan[e_.+f_.+x_])~n_,x_Symbol] :=
b”2x (a+b*Tan [e+f*x] ) A(m+l) = (c+d*Tan [e+f*x] ) A (n+1)/(-F* (m+1) * (a”2+b”2) » (bxc-axd) ) +
1/ ((m+1) » (a"2+b"2) # (bxc-axd) ) *Int [ (a+bxTan[e+fxx]|)~ (m+1) « (c+dxTan[e+fxx] ) ~n«
Simp [a* (bxc-axd) * (m+1) -b*2xd* (m+n+2) -bx (bxc-axd) » (m+1) *xTan [e+-F*x] -b”2xd* (m+n+2) xTan [e+-F*x] "2,x] _,X] /5
FreeQ[{a,b,c,d,e,f,n},x] & NeQ[bxc-axd,0] && NeQ[a"2+b"2,0] && NeQ[c"2+d"2,0] & IntegerQ[2xm] && LtQ[m,-1] &&
Not[ILtQ[n,-1] & (Not[IntegerQ[m]] || EqQ[c,@] && NeQ[a,0])]

X

(LtQ[n,0]

|| IntegerQ[m]) &%
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Rules for integrands of the form (a+b tan(e+f x))~m (c+d tan(e+f x))~n 43

3: J(a+bTan[e+fx])"'(c+dTan[e+fx])"d1x whenbc-ad#0 A a2+b?2#0 A c2+d’#0 Am>1 An>0

Derivation: Tangent recurrence 2awithA -ac, B-bc+ad, C-bd, m>m-1, n>n-1

Rule:lf bc-ad+0 A a?2+b2+0 A c?+d?+0 Am>1 A n>0,then

J(a+bTan[e+fx])"' (c+dTan[e+fx])"dx —

b(a+bTan[e+fx])"" (c+dTan[e+fx])"

+

f(m+n-1)

1 j(a+bTan[e+-Fx])'"’2 (c+dTan[e+'Fx])n_1'

m+n-1
(a?c(m+n-1) -b (bc(m-1) +adn) + (2abc+a*d-b’d) (m+n-1) Tan[e + fx] +b(bcn+ad(2m+n—2))Tan[e+fx]2) dx

Program code:

Int[(a_.+b_.+tan[e_.+f_.xx_] )" m_#(c_.+d_.»tan[e_.+f_.*x_])~n_,x_Symbol] :=
b (a+bxTan[e+fxx]) " (m-1) x (c+d+Tan[e+fxx])*n/(fx (men-1)) +
1/ (m+n-1) +Int[ (a+bxTan[e+fxx]) " (m-2) x (c+dxTan[e+fxx])~ (n-1) »
Simp [a"z*c* (m+n-1) -b* (bxcx (m-1) +axdxn) + (2xaxbxc+a*2xd-b*2xd) » (m+n-1) xTan [e+'F*x] +bx (bxcxn+axd* (2xm+n-2) ) xTan [e+'F*x] "2,x] ,x] /3
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && NeQ[a"2+b"2,0] && NeQ[c2+d"2,0] & GtQ[m,1] && GtQ[n,@] & IntegerQ[2#n]

dx whenbc-ad#0 A a2+b2#0 A c2+d?#0

N J(a+bTan[e+-Fx])'"

c+dTan[e + fx]
1
b J(a+bTan[e+-Fx]) (c+dTan[e+x])

dx whenbc-ad#0 A a2+b?#0 A c2+d?#0

Derivation: Algebraic expansion

Basis: 1 - ac-bd . b2 (b-az) ~ d? (d-c 2)
" (a+bz) (c+dz) (a®+b?) (c?+d?) (bc-ad) (a?+b?) (a+bz) (bc-ad) (c?+d?) (c+dz)

Rule:if bc-ad+0 A a2+b%+0 A c?+d?+0,then



Rules for integrands of the form (a+b tan(e+f x))~m (c+d tan(e+f x))~n

A+BTan|e+fXx]
Ji

dx —

a+bTan[e+fx]) (c+dTan[e+fx])

dZ

d-cTan[e+fx]

(ac-bd) x b2 J~b—aTan[e+-Fx]

(a% + b?) (c2+d2)+(bc—ad) (a2 +b%) J a+bTan[e+ fx]

Program code:

Int[1/((a_+b_.xtan[e_.+f_.xx_])(c_.+d_.+tan[e_.+f_.+x_])),x_Symbol] :=
(axc-bxd) £x/ ( (a2+b”2) % (cA2+d*2)) +
b”2/ ((bxc-axd) x (a*2+b”2) ) xInt [ (b—a*Tan [e+f*x] )/(a+b*Tan [e+'F*X] ) ,x] -
d~2/ ((bxc-axd) x (c*2+d~2) ) +Int[ (d-cxTan[e+fxx])/(c+d+Tan[e+fxx]),x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && NeQ[a"2+b"2,0] && NeQ[c"2+d"2,0]

dx -

(bc-ad) (c*+d?)

J

c+dTan[e+fx]

dx
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Rules for integrands of the form (a+b tan(e+f x))~m (c+d tan(e+f x))~n

\/a+bTan[e+fx]
2: dx whenbc-ad#0 A a2+b?#0 A c2+d?#0
c+dTan[e+-Fx]

Derivation: Algebraic expansion

Basis: Matbz __ acibd+(bc-ad)z _ d (bc-ad) (1+2°)
c+dz (c?+d?) Va+bz (c?+d?) Va+bz (c+dz)

Rule:if bc-ad+0 A a2+b?+0 A c?+d?+0,then

Jva+bTan[e+fX]
dx —

c+dTan[e+-Fx]

dx

1 ac+bd+ (bc-ad) Tan[e + fx] d (bc-ad) 1+Tan[e+fx]*
dx -
c?+d? c?+d?

'\/a+bTan[e+-Fx] '\/a+bTan[e+-Fx] (c+dTan[e+fx])

Program code:

Int[Sqrt[a_.+b_.+tan[e_.+f_.xx_]]/(c_.+d_.»tan[e_.+f_.»x_]),x_Symbol] :=

1/ (c"2+d~2) »Int [Simp [a*c+bxd+ (bxc-axd) xTan[e+fxx],x] /Sqrt[a+bxTan[e+fsx]],x] -

dx (bxc-axd) / (c*2+d*2) +Int[ (1+Tan[e+fxx]~2) /(Sqrt[a+bsTan[e+f+x] ]« (c+d+Tan[e+f+x])),x] /;
FreeQ[{a,b,c,d},x] &% NeQ[bxc-axd,0] & NeQ[a”2+b"2,0] && NeQ[c”*2+d"2,0]

dx whenbc-ad#0 A a2+b2#20 A c2+d>#0

N J-(a+bTan[e+-Fx])3/2

c+dTan[e+fx]

Derivation: Algebraic expansion

Basis: (a+bz)¥? __ a’c-b’c+2abd+(2abc-a?d+b?d) z . (bc-ad)? (1+23)
c+dz (c2+d?) Vas+bz (c2+d?) Varbz (c+dz)

Rule:if bc-ad+0 A a2+b?+0 A c?+d?+0,then
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Rules for integrands of the form (a+b tan(e+f x))~m (c+d tan(e+f x))~n

J\(a+bTan[e+1‘:x])3/2
dx —

c+dTan[e+-Fx]

dx

c2 +d?

1 azc-b2c+23bd+(Zabc—azd+b2d)Tan[e+-Fx] (bc-ad)? 1+T:=m[e+-Fx]2
dx +
c?+d?

\/a+bTan[e+-Fx] \/a+bTan[e+fx] (c+dTan[e+fx])

Program code:

Int[(a_.+b_.«tan[e_.+f_.xx_])~(3/2)/(c_.+d_.xtan[e_.+f_.*x_]),x_Symbol] :=
1/ (c"2+d~2) +Int [Simp[a”2xC-b"24C+24axbxd+ (24axbxc-a”2xd+b 2xd) xTan [e+Fxx] ,x]/Sqrt [a+bxTan[e+fxx]],x] +
(bxc-axd) 22/ (c~2+d"2) xInt[ (1+Tan[e+fxx]|~2) /(Sqrt[a+bxTan[e+fxx] ]« (c+dxTan[e+fxx])),x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,@0] && NeQ[a"2+b"2,0] && NeQ[c"2+d"2,0]

dx whenbc-ad#0 A a2+b?>#0 A c2+d?2#0 Am¢z

4 J~(a+bTan[e+-Fx])'"

c+dTan[e+fx]

Derivation: Algebraic expansion

Basis: -1 .. edz, @[tz
c+dz c?+d? (c?+d?) (c+dz)

Rule:if bc-ad+0 A a?+b2+0 A c?+d?>+0 A me Z,then

J(a+bTan[e+-Fx])"'d]x B

d2 (a+bTan[e+-Fx])'"(1+Tan[e+-Fx]2)
c+dTan[e+fx] c? +d? J

J(a+bTan[e+fx])m (c-dTan[e+ fx]) dx+

c2 +d? c+dTan[e+-Fx]

Program code:

Int[(a_.+b_.«tan[e_.+f_.+x_])~m_/(c_.+d_.«tan[e_.+f_.*x_]),x_Symbol] :=

1/ (c”2+d”2) xInt [ (a+b*Tan [e+f*x] )"m* (c—d*Tan [e+f*x] ) ,x] +

d~2/ (c”2+d*2) +Int[ (a+bxTan[e+fxx] ) mx (1+Tan[e+fxx]"2) /(c+d+Tan[e+fxx]),x] /;
FreeQ[{a,b,c,d,e,f,m},x] & NeQ[bxc-axd,0] & NeQ[a"2+b"2,0] && NeQ[c"2+d"2,0] && Not[IntegerQ[m]]
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Rules for integrands of the form (a+b tan(e+f x))~m (c+d tan(e+f x))~n

5: J(a+bTan[e+fx])"' (c+dTan[e+fx])"d1x whenbc-ad#0 A a2+b?#0 A c2+d*+#0

Derivation: Integration by substitution

Basis: F[Tan[e + fx]] = 1 Subst| 71, x, Tan[e +fx] | o,

X
1+X

Rule:lf bc-ad+0 A a2+b2+0 A c?+d? +0,then

Tan[e + f X]

(@a+bx)" (c+dx)"

J(a+bTan[e+fx])'" (c+dTan[e+fx])"dx — %Subst[f

Program code:

Int[(a_.+b_.«tan[e_.+f_.xx_] ) m_«(c_+d_.«tan[e_.+f_.+x_])~n_,x_Symbol] :=
With[{ff=FreeFactors[Tan[e+fxx],x]},
'F'F/'F*Subst [Int [ (a+b*ff*x) Am* (c+d*ff*x) "n/(1+'F'F"2*x"2) ,x] yX,Tan [e+f*x]/ff] ]

1+x?

/3

FreeQ[{a,b,c,d,e,f,m,n},x| & NeQ[bxc-axd,0] & NeQ[a"2+b"2,0] && NeQ[c"2+d"2,0]

dx, X, Tan[e+fx]]
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Rules for integrands of the form (a+b tan(e+f x))~m (c+d tan(e+f x))~n

Rules for integrands of the form (a + bTan[e + fx])" (c (dTan[e + fx])P)"

1: -J-(a+bTan[e+-Fx])"' (dcot[e+fx])"dx whenn¢z A mez

Derivation: Algebraic normalization

. m __ d" (b+raCot[z])"
Basis: If me z,then (a+bTan[z])" == (dCot[z])"

Rule:lf n¢ Z A me Z,then

J(a+bTan[e+fx])'" (dCot[e+fx])"d1x — d“‘j(b+aCot[e+fx])'" (dCot[e+fx])"'"'d1x

Program code:

Int[(a_.+b_.«tan[e_.+Ff_.xx_]) m_.x(d_./tan[e_.+f_.+x_])"n_,x_Symbol] :
d*mxInt[ (b+axCot[e+fxx]) mx (d«Cot[e+fxx])~(n-m),x] /;
FreeQ[{a,b,d,e,f,n},x] && Not[IntegerQ[n]] & IntegerQ[m]

Int[(a_.+b_.xcot[e_.+Ff_.xx_]) m_.(d_./cot[e_.+f_.+x_])"n_,x_Symbol] :
dm«Int[ (b+axTan[e+fxx]) m« (d«Tan[e+fxx])~(n-m),x] /;
FreeQ[{a,b,d,e,f,n},x] && Not[IntegerQ[n]] && IntegerQ[m]

2: j(a+bTan[e+fx])m (c (dTan[e+fx])p)"d1x whenn¢z A m¢z

Derivation: Piecewise constant extraction

‘e (c (dTan[e+fx])P)" __
Basis: Ox (dTan[e+fx])"P 0

Rule:lf n¢ Z A m¢ Z,then



Rules for integrands of the form (a+b tan(e+f x))~m (c+d tan(e+f x))~n

cintpartinl (¢ (d Tan[e + £x])P) FracPart(n]

J(a+bTan[e+-Fx])"' (c(dTan[e+£x])")"dx —

(d Tan[e+fx])pFracPart[n]

Program code:

Int[(a_.+b_.+tan[e_.+f_.#x_] ) m_.x(c_.»(d_.»tan[e_.+f_.»x_])"p_)~n_,x_Symbol] :=
crIntPart[n] (cx (d«Tan[e + f+x])~p)~FracPart[n]/(d+Tan[e + fxx])~(p+FracPart[n])
Int[ (a+bxTan[e+fxx]) mx (dxTan[e+Ffxx])~ (np),x] /;
FreeQ[{a,b,c,d,e,f,m,n,p},x| && Not[IntegerQ[n]] && Not[IntegerQ[m]]

Int[(a_.+b_.xcot[e_.+f_.#x_] ) m_.(c_.»(d_.xcot[e_.+f_.»x_])"p_)~n_,x_Symbol] :=
crIntPart[n]+ (cx (dxCot[e + fxx])~p)~FracPart[n]/(d«Cot[e + fxx])~(p*FracPart[n])
Int[ (a+bxCot[e+fxx])m« (dxCot[e+Ffxx]) " (n*p),x] /;
FreeQ[{a,b,c,d,e,f,m,n,p},x]| && Not[IntegerQ[n]] && Not[IntegerQ[m]]

J(a+bTan[e+-Fx])m (dTan[e + £x])"" ax
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